Abstract: Spatial solitons in second-harmonic generation show regular, high-frequency, temporal modulation 1.5-times above threshold. The result is interpreted as the first observation of their temporal modulational instability. Simulations indicate that instability is seeded by quantum noise.
Introduction
To date, strongly localized (i.e. exponentially decaying) soliton-like wave packet (WP) in bulk media has been obtained only in a lower dimensional space than the physical one. Note that this is true for the case of optical, BEC, spin waves as well as for any other physical system. Examples are the spatial solitons in bulk, where no localization occurred in the temporal coordinate, or 1D spatial +1D temporal solitons, which are not localized in the second transverse dimension. These "sub-dimensional solitons" are supposed to be unstable, owing to the noiseseeded modulational instability (MI) that growths spontaneously from the non-localized dimension(s) [1] . For what concerns the instability of optical solitons supported by χ (2) non-linearity, which is the concern of this contribution, few experimental results have been reported for the cases of 1D spatial (e. g. elliptical beams) [2, 3] , 1D spatial+1D temporal [4] and 2D spatial [5] solitons, in which WP fragmentation in the non-localized dimension has been indeed observed.
From these results, an important question emerges concerning the actual dimensionality in which the MI dynamics develops. In fact, owing to the phase-matching constrains, the MI naturally couples the spatial and temporal degree of freedom. Resulting typical phenomena are the coloured conical emission, when MI acts on an input plane-and-monochromatic wave [6] , or to the spontaneous formation of X-type WP [7] , when it acts on an initial localized gaussian WP. The correct evaluation of the impact of such spatiotemporal (ST) coupling on the soliton instability is a very delicate issue. In fact, the available models have somehow overlooked this problem, either because of the used linearization techniques or because the full-dimensional treatment was not developed. Beside the key role of the dimensionality of the noise, which has never been considered to date, a second relevant aspect is that in real settings the solitons are never injected as initial conditions. Therefore, a model which describes the MI of an already existing soliton is in most cases not adequate, since MI and ST coupling will accompany, interfere, and often prevent the soliton formation itself. This has been the case, for example for spatial soliton excited in down conversion, from quantum-noise parametric amplification [5] . In that case, the temporal break-up of the WP occurred well before soliton formation, leading to an overall MI dynamics that by no means can be described as a simple temporal-perturbation of a well defined ST object.
The aim of this work is to find out the best operating conditions for which the occurrence of genuine, 1D-tempral, MI of the 2D-spatial quadratic soliton can be demonstrated, for the first time. In order to observe clearly this process we had chosen for the soliton excitation the second-harmonic (SH) generation scheme, at slight positive phase-mismatch. In this case, in fact, we have the possibility to form spatial solitons while keeping their temporal bandwidth very narrow, which was not the case in down conversion or for the opposite sign of phase-mismatch [5] . This feature is quite relevant in order to prevent ST coupling to occur while the soliton gets formed. Moreover, we did our best to detect the very onset of the MI, which means that we have worked as close as possible to the threshold for the soliton formation. Only in this case, in fact, we could expect a behaviour similar to that predicated by linearised models, leaving a chance for the spatial (i.e. the soliton) and the temporal (i.e. the instability) dynamics to behave in separate manner. Surprisingly enough, the results, besides having fully confirmed the correctness of the approach, have provided a strong indication that the seeding mechanism of the observed temporal MI is not a classical, but a genuine quantum effect.
The experiment
To excite a spatial soliton by means of a second harmonic generation process an infrared, mode-locked, pump wavepacket (1 ps, λ = 1055 nm) was focused down to a spot of about 35 µm FWHM on the input face of a bulk quadratic nonlinear crystal (30-mm-long litium triborate, LBO, non-critical type I phase-matching). The input pump energy can be regulated by means of a rotating λ/2 plate coupled with a polariser, while the phase-matching parameter of the LBO crystal (∆k=2k 1 -k 2 ) could be adjusted by temperature control.
The experiment consisted in measuring the temporal autocorrelation traces of the fundamental field (FF) of the spatial soliton as a function of the input pump intensity I 0 , for a fixed phase-mismatch parameter (∆k=+5 cm -1 ). The slight positive ∆k has been also chosen to minimize the transverse spatial modulational instability induced by slight asymmetries of the pump beam [8] , and therefore preserving the radial symmetry of the wavepackets. The multiple shot autocorrelator we used was based on a 100-µm-thick, type I, β-barium borate (BBO) and was driven by a stepping motor with a resolution of 11.5 fs. Spatial monitoring of the output face of the LBO crystal was also performed in order to gauge the threshold for the stable self-focusing of the fundamental beam, that was measured to correspond a pump intensity of I th =18 GW/cm 2 .
- The autocorrelation traces, for two chosen values of the ratio I 0 /I th , are depicted in Fig 1.a and 1 .b. For I 0 /I th =1.5, a small, periodic modulation on a few 10-fs scale appears on the top of the gaussian-like autocorrelation trace. By running many measurements, we confirmed the reproducibility of the oscillations and their symmetry, therefore ruling out possible accidental noise in the measurement. Measurements of the input pulse (i.e. not reshaped by the nonlinear propagation) did not give any evidence of reproducible, symmetrical oscillations, therefore supporting further the modulational instability picture. The spectrum of the autocorrelation trace (Fig. 1.c) shows that a narrow peak at 20 THz develops, i.e. a frequency about 20 times larger than the pump pulse bandwidth. As the intensity grows, a more complex modulation appears on the correlation trace ( Fig. 1.b) , as revealed by the new frequencies appearing in the spectrum of the autocorrelation (Fig. 1.d) . In particular, modulations at low frequency appear, while the high-frequency band is shifted towards even higher frequencies (about 30 THz).
The interpretation of the experimental data has been carried out by performing numerical simulations of our system, with the aim of devising the most simple model that could explain our experimental data. The model we use is a space-time 2D+1 coupled wave equation with radial symmetry, that is equivalent to a 3D+1 code as long as the radial symmetry is not broken. As for the temporal part, only dispersion to the second order included has been considered. The Kerr contribution has been neglected, therefore a pure χ (2) model has been run. Importantly, our code allowed us to add to the initial conditions a white noise of variable peak intensity. Equations were integrated with a split step method on a 750x2048 points space-time grid corresponding to a cylinder of 700 µm in radius and 6 ps in length.
The calculated autocorrelation traces are depicted in Fig. 1.a and 1 .b for the input pulse parameters corresponding to the experiment and with a level of the noise fixed to the peak value of 1 kW/cm 2 . This intensity of noise corresponds to that of a single photon per mode of the simulated system, that is supposed to account for the contribution of the quantum noise fluctuations [9] . The agreement of the simulation with the experimental data is very satisfactory. The comparison of the spectra (Fig 1.c and 1.d) shows that, although there is a good qualitative agreement, in the simulation the power of the instable bandwidths is underestimated by about 5 times, while a small mismatch exists between the frequency values of the case depicted in Fig.1 .c. We believe that experimental uncertainties in the measurement of the parameters and a more detailed numerical model could easily account for these small differences. Interestingly, in simulations where no noise was added to the initial condition (not shown) only the low frequency modulation could be generated at very high intensity levels, consistently with a temporal wave envelope modulation (WEM) break-up mechanism [3, 10] .
Conclusions
In conclusion, we have reported the first experimental evidence of a genuine temporal modulational instability of the quadratic spatial soliton. The results outline the occurrence of a quasi-monochromatic modulation of the temporal profile, leading to clean periodic oscillations in the autocorrelation trace and to a well distinguishable peak in the autocorrelation power spectrum. This temporal modulation, whose period is about 20-30 times shorter that the inputpulse duration, can hardly be attributed to the seeding action of temporal WEM [3, 10] , which indeed appeared at higher pumping but at a much lower modulation frequency. Moreover, it can hardly be attributed to the seeding action of temporal fluctuation in the impinging laser pulse. In fact, the observed MI frequency is by far outside the laser gain bandwidth. Indeed, our simulations indicate that the seeding signal for the MI is the quantum-noise (the vacuum state fluctuations). This result is very important for three main reasons: (i) it shows that the temporal MI of the spatial soliton is indeed inherent to the soliton regime. In fact, it happens just above threshold and cannot be avoided by cleaning the input pulses; (ii) it shows the importance of accounting for quantum effects into the nonlinear optical models; (iii) being the quantum noise a really stochastic, and very broad-band, noise, makes our observation a very evident demonstration of the efficiency of the temporal MI process in selecting a singlefrequency component, as long as MI remains a genuine, 1D process.
